Abstract. We construct a theory of spin wave excitations in the bilayer manganite La1.2Sr1.8Mn2O7 based on the simplest possible double-exchange model, but including leading quantum corrections to the spin wave dispersion and damping. Comparison is made with recent inelastic neutron scattering experiments. We find that quantum effects account for some part of the measured damping of spin waves, but cannot by themselves explain the observed softening of spin waves at the zone boundary. Furthermore a doping dependence of the total spin wave dispersion and the optical spin wave gap is predicted.
Introduction
The colossal magnetoresistance (CMR) manganites, of which perhaps the best known is La 1−x Ca x MnO 3 , have been challenging the theoretical understanding of the way in which magnetism and metallic behaviour co-exist for more than fifty years. These materials are difficult to describe for precisely the very same reason that they are interesting; namely that they exhibit a complex interplay between lattice, charge, orbital and spin degrees of freedom. This gives rise to a very rich phase diagram, exhibiting different magnetic, orbital and charge orders, and both metallic and insulating behaviour as a function of temperature, pressure, applied field and doping [1] [2] [3] . Even within the "simple" low temperature ferromagnetic phase, the mechanism for the metal-insulator transition which occurs as ferromagnetic order breaks down remains controversial.
The CMR manganites share a layered perovskite structure with the even more widely studied high-temperature (HT c ) superconductors; they may be synthesised with one, two, three (or many), neighbouring conducting planes. The materials most frequently discussed are the three dimensional "infinite layer" compounds, which have equally spaced planes and are approximately cubic in symmetry. Here we will construct a theory for ferromagnetism in La 2−2x Sr 1+2x Mn 2 O 7 and discuss results especially for a e-mail: shannon@mpipks-dresden.mpg.de x = 0.4. In this bilayer compound planes of magnetic Mn atoms in MnO 6 octahedra are grouped in well separated pairs. The small spin wave dispersion found empirically perpendicular to these planes provides us with a justification for considering, as a first approximation, only a single pair of planes i.e. a single ferromagnetic bilayer with moments lying in the ab-plane [3, 4] . The T -x phase diagram and evolution of magnetic structure with doping has been reported in [5] [6] [7] [8] and a FM phase persists in the range 0.3≤ x ≤0.4. For larger doping an intra-bilayer canting of moments appears and the charge ordered stoichiometric compound (x = 0.5) LaSr 2 Mn 2 O 7 finally is an AF insulator. Here we will concentrate on predictions for the spin wave dispersion and damping of FM bilayer manganites which have been measured by inelastic neutron scattering [9] [10] [11] [12] [13] [14] 8] . Calculation of the spin wave damping requires going beyond the usual semi-classical picture used to describe spin wave excitations in the manganites to include quantum effects. In Section 2 we present a minimal model of a bilayer manganite based on Zener's double exchange (DE) mechanism [15, 16] . A fully quantum mechanical large S expansion of this model is developed, following a recently introduced operator expansion method [17] [18] [19] [20] . Predictions for the dispersion of the optical and acoustic spin wave modes of a double exchange bilayer, their doping dependence together with their damping, are made in Section 3. A comparison with experimental data for La 
The model Hamiltonian
In this section we consider La 1.2 Sr 1.8 Mn 2 O 7 , as a concrete example of a bilayer DE system, and derive a model Hamiltonian for a single La 1.2 Sr 1.8 Mn 2 O 7 bilayer starting from Zener's DE mechanism, in the limit where the strength of the Hund's rule coupling is taken to be infinite. The comparison of the predictions of this model with experimental data in Section 4 therefore provide a test of how well the DE model describes FM in CMR materials. The crystal structure of La 2−2x Sr 1+2x Mn 2 O 7 belongs to the space group I4/mmm with a body centred tetragonal conventional unit cell that contains two distorted MnO 6 octahedra, whose distortion depends on doping [5, 6] . The lattice constants are a = 3.87Å and c = 20.14Å. The intra-bilayer spacing d a is much smaller than the distance D = 6.2Å between two adjacent bilayers. Therefore bilayers are well separated, and the spin wave spectrum measured by inelastic neutron scattering indeed shows a very small dispersion of about 0.4 meV in the direction perpendicular to the planes [9, 21] . For this reason we will neglect coupling between the planes entirely, and model La 1.2 Sr 1.8 Mn 2 O 7 in terms of a single pair of layers. Within a given bilayer, both magnetism and metallic behaviour originate in the Mn d-electrons. Mn t 2g d-orbitals are exactly half filled, and form a spin 3/2 local moment because of strong Hund's rule coupling. This local moment couples to itinerant electron e g d-orbitals through a similar Hund's rule exchange interaction. In the metallic phases of the manganites, electrons in e g orbitals delocalise by hopping between Mn atoms through intermediate O 2p orbitals -a process named "double exchange" by Zener [15] . This delocalisation of the e g electrons stabilises FM order among the t 2g spins, since both are strongly coupled by Hund's rule interaction, and the e g electrons will have the maximum kinetic energy if all t 2g spins are aligned.
In the bilayer compounds the MnO 6 octahedra show a doping dependent pronounced Jahn-Teller (JT) distortion [5, 6] , therefore Mn 3+ site symmetry is no longer cubic and a crystalline electric field (CEF) splitting of e g (d 3z 2 −r 2 , d x 2 −y 2 ) states ensues. The influence of this splitting on the stability of magnetic phases was investigated by Okamoto et al. [6] . The e g splitting energy ∆ is generally smaller than the inter-site in-plane hopping t and therefore in the FM ground state the orbital state is of uniformly mixed d 3z 2 −r 2 /d x 2 −y 2 character. In this case orbital degrees of freedom do not appear explicitly in the Hamiltonian but the degree of admixture determines the ratio of interlayer (t ⊥ ) to intra-layer hopping (t) of the effective single band (orbital) Hamiltonian which is then given by
where c † λiα is the creation operator for an e g electron on site i of plane λ = {1, 2} with spin α = {↑, ↓}. The components of the operator σ αβ are Pauli matrices, and S iλ is the spin operator for the t 2g electrons on that site. The on-site exchange J H parameterises Hund's rule coupling, and the sum ij runs over nearest neighbours within a plane. Our subsequent DE spin wave analysis will lead to t 0.175 eV and t ⊥ 0.1 eV. This is much smaller than the intra-atomic (Hund's rule) exchange J H ∼ 2 eV which may be estimated from the splitting of majority and minority spin LDA bands in the stoichiometric (x = 0.5) compound [22] .
In addition, there may be super-exchange interactions between spins, both within the plane (J) and between the two planes of the bilayer (J ⊥ ). These can be parameterised by
where T iλ = S iλ + 1/2 αβ c iλα σ αβ c iλβ is the total spin operator for both t 2g and e g d-electrons on the site iλ. Exchange integrals in the manganites can be FM or antiferromagnetic (AF) depending on the details of orbital occupancy and electronic structure. To evaluate the spectrum, or even to find the ground state of the Hamiltonian equation (1) is a formidable task, but if we assume FM order and treat the length of the local moment S, and the ratio J H /t as large parameters, we can derive a controlled expansion of the properties of a bilayer ferromagnet. A number of ways of performing this large S expansion have been suggested (see e.g. [23] [24] [25] ). Each of these have their advantages, but in the case in point, it is most convenient to work with eigenstates of the Hund's rule coupling term, and to quantize small fluctuations of the total spin operator T iλ using a generalization of the usual Holstein-Primakoff procedure due to Shannon and Chubukov [17, 18] . A non-technical introduction to this method is given in [20] . Technical details, including a discussion of its relationship to other approaches are given in [19] . We now generalize the method to a bilayer system. In the limit t/J H 1, t ⊥ /J H 1 J H we obtain a model in which bosonic fluctuations of the total spin interact with a band of spinless electrons. In this limit it makes sense first to diagonalise the Hund's rule coupling term in the Hamiltonian and then to introduce the hopping of electrons as a "perturbation". We do this following the method introduced in [17] by constructing new Fermi operators {f, f † } = 1 and {p, p † } = 1 which create eigenstates of the Hund's rule coupling term with eigenvalue
